We show that there exists no Lagrangian embeddings of the Klein bottle into C 2 . Using the same techniques we also give a new proof that any Lagrangian torus in C 2 is smoothly isotopic to the Clifford torus.
Lagrangian Embeddings in C 2
The topology of closed Lagrangian embeddings into C n (see [1] ) is still an elusive problem in symplectic topology. Before Gromov invented the techniques of pseudoholomorphic curves it was almost intractable and the only known obstructions came from the fact that such a submanifold has to be totally real. Then in [7] he showed that for any such closed, compact, embedded Lagrangian there exists a holomorphic disk with boundary on it. Hence the integral of a primitive over the boundary is different from zero and the first Betti number of the Lagrangian submanifold cannot vanish, excluding the possibility that a three-sphere can be embedded into C 3 as a Lagrangian. A further analysis of these techniques led to more obstructions for the topology of such embeddings in [18] and [20] .
For C 2 the classical obstructions restrict the classes of possible closed, compact surfaces which admit Lagrangian embeddings into C 2 to the torus and connected sums of the Klein bottle with oriented surfaces of even genus. There are obvious Lagrangian embeddings of the torus (e.g. the Clifford torus S 1 ×S 1 ⊂ C×C) and not so obvious ones for the connected sums except for the Klein bottle (see [2] ). One may further ask which topological types of embeddings may be realized as a Lagrangian embedding. There has been a partial answer to that in [13] and an announcement of a proof by Hofer and Luttinger of the following Theorem 1 (Hofer/Luttinger). Any Lagrangian embedding of the torus into C 2 is smoothly isotopic to the Clifford torus S 1 × S 1 ⊂ C × C.
Here we show that the same circle of ideas, namely the study of holomorphic curves with respect to a certain singular almost complex structure, solves the question for the Klein bottle: Both questions were contributed to Kirby's problem list [10] by Eliashberg. There have been several attempts to attack this problem ( [2, 12, 16] et.al.). Independently, Nemirovski outlined a proof in [17] of a more general version of Theorem 2 excluding Lagrangian embeddings of the Klein bottle into CP 2 using completely different methods from complex analysis. A Lagrangian embedding of a closed surface into C 2 can be rescaled to lie in a small enough ball. Hence it can be alternatively considered as a Lagrangian embedding into the complement of the projective line H in complex projective space, CP 2 \ H. Of course the Kähler form ω of the Fubini-Study metric provides the symplectic structure. The constructions described in this paper will yield the following result: Theorem 3. Let L ⊂ CP 2 \ H be a closed Lagrangian embedding of a flat surface, i.e. either the Klein bottle or the 2-torus. Then there exist two embedded symplectic disks D, E ⊂ CP 2 \ H with boundary on L, an almost complex structure J compatible to ω and equal to the original complex structure near H for which there are two embedded Jholomorphic spheres F, G ⊂ CP 2 \ L whose fundamental class is the same as that of H, such that:
F · E = 0 (2)
Let us first see how the main result follows and how we even obtain a different proof of the unknottedness of Lagrangian tori. as integer homology classes. Hence we can find a 2-chain C in L such that kD ∪ C ∪ (−lE) ⊂ CP 2 \ H forms a 2-cycle. This 2-cycle has to be null-homologous since it does not intersect H, the generator of H 2 (CP 2 ). On the other hand
This is clearly a contradiction. Hence ∂D and ∂E cannot be rationally homologous and b 1 (L) ≥ 2, which excludes that L was the Klein bottle.
Proof of Theorem 1. By a result of Gromov in [7] there exists a symplectic isotopy of (CP 2 , ω) which maps the J-holomorphic spheres F, G, H to projective lines. Hence the image of L under this map, which we denote by abuse of notation by L again, is a Lagrangian in the complement of 2 complex lines, without loss of generality 0×C, C×0 ⊂ C 2 . The lines correspond to F and G, respectively. Hence the intersection numbers with the symplectic disks show that the induced homomorphism
. By a result of Eliashberg and Polterovich [6] it follows that L ⊂ T * T 2 is smoothly isotopic to O T 2 in T * T 2 and hence the original L ⊂ C 2 is smoothly isotopic to the Clifford torus.
Remark 4.
(1) Notice that such a result is bound to dimension 4 not only for the lack of homological intersection of pairs of holomorphic curves: In dimension 6 and higher there are Lagrangian embeddings of manifolds with first Betti number 1 (see [16] ). Furthermore, the proof of the result (in particular that of Lemma 13 ) does not seem to apply directly to the cases of Lagrangian embeddings of (non-orientable) surfaces of higher genus. Thus one could wonder if it is true at all in these cases. (2) The argument in [6] fails to provide an isotopy through Lagrangians. Hence this stronger question remains elusive in both situations, L ⊂ C 2 as well as L ⊂ T * T 2 .
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Geometric set-up and data
Let us first introduce and discuss the geometric data which will be used to define holomorphic curves.
Topology and Dynamics of the Unit Cotangent Bundles. Let L be either the Klein bottle K 2 or the 2-torus T 2 with a flat metric fixed. Recall that the Liouville form θ ∈ Ω 1 (T * L) given by θ ξ (X) = ξ(D ξ πX) where π : T * L −→ L denotes the natural projection, ξ ∈ T * L and X ∈ T ξ (T * L). This defines a symplectic form dθ. It is not hard to see that the restriction to the unit cotangent bundle α := θ| T * 1 L is a contact form. The flow of its Reeb vector field R α , given by dα(R α ) = 0 (4) α(R α ) = 1 (5) coincides with the geodesic flow of the chosen metric. Hence, closed orbits of the Reeb flow, in short Reeb orbits, correspond exactly to closed oriented geodesics.
The complement of L in T * L is symplectomorphic to the symplectization of T * 1 L:
where t ∈ R denotes the parameter of the second component. On (T * 1 × R, d(e t α)) we fix an almost complex structure j which satisfies
dα(., j.) > 0 and symmetric (8) j invariant under translation.
Notice that j is hence compatible to the symplectic structure: d(e t α)(., j.) is a Riemannian structure (a symmetric and positive definite bilinear form). Moreover, cylinders over (closed) Reeb orbits are j-holomorphic.
Closed geodesics on L typically arise in 1-dimensional families. However the corresponding Reeb orbits are non-degenerate in a more general sense: any eigenvector of eigenvalue 1 of the linearized Poincaré return map arises as the deformation of the closed Reeb orbit through a family of such (see [8] . Indeed the Poincaré return map restricted to ker α, which is transverse to the Reeb field, is given by 1 ±m 0 1 where m denotes the multiplicity of the orbit. We say that all Reeb orbits are non-degenerate in the sense of Morse-Bott. Hence we may use results like [8] , or [3, 4] in our argument. The advantage is a clearer structure of the argument. In particular we will be spared one time where we have to carefully perturb our data otherwise.
In the case of the flat Klein bottle there are also two simple isolated geodesics/Reeb orbits which are parallel but not homotopic. Their Poincaré return map is given by −1 ±m 0 −1 . They (and their odd multiples) are non-degenerate in the stronger sense.
But notice that their even multiple covers are elements of 1-dimensional families as before. Hence let us call these isolated Reeb orbits odd and all those which arise in families even.
Notice that none of the closed Reeb orbits corresponding to closed geodesics are contractible in T * 1 L. Now there are three indices one can assign to a geodesic γ, which is non-degenerate in the sense of Morse-Bott. First of all its Morse index, m(γ): it is the maximal dimension of a linear subspace in the space of vector fields at L along γ on which the Hessian of the length functional on loops in L is negative definite. For the other two indices we have to fix a trivialization of the symplectic vector bundle (T (T * L), dθ). Thus any loop in L defines a loop of Legendrian subspaces in C 2 and we may assign to γ its Maslov index µ(γ). On the other hand this trivialization induces one of (ker α, dα). Hence any closed Reeb orbit defines a path of symplectic 2 × 2-matrices, starting at the identity. Thus we can assign the Conley-Zehnder index CZ(γ) to it, which, in our situation, is an half-integer (see [19] ). There is a striking relation between them. It goes back to Duistermaat (see [22, 11, 21] ):
Here dim(γ) is the dimension of the family of geodesics in which γ arises. I personally learnt it from Kai Cieliebak who (independently) discovered it, clarifying my earlier attempts to explain a relation.
2.1.
A Symplectic manifold with a concave end. Let L ⊂ CP 2 \ H be a Lagrangian embedding. There is a (pseudo-convex) neighborhood U of L ⊂ CP 2 \ H which is symplectomorphic to the unit disk bundle T * ≤1 L ⊂ T * L of L after possibly rescaling the flat metric on L. Let us also scale ω such that H ω = 1.
Fix an almost complex structure J on CP 2 \ L which is compatible with the symplectic structure ω, coincides with j on U and with the original complex structure of CP 2 in a small neighborhood of H .
Notice that the Riemannian metric defined by ω(., J.) has a singularity which is a cone over the unit cotangent bundle T * 1 L equipped with the induced metric. On the other hand one may approximate J by a family of smooth almost complex structures on CP 2 , {J ν } ν , which are compatible to ω: One fixes another almost complex structure K on T * L compatible to dθ, such that outside the disk bundle O L ⊂ T * ≤1 L ⊂ T * L it coincides with j under the symplectomorphism
).
Hence we may glue K| T * ≤ν L and J| CP 2 \U to obtain a family J ν which is characterized by a "long neck" T * 1 L × [0, ν] on which J ν coincides with j. In order to tame J ν we need to glue the restrictions of ω and dθ. This is possible only after rescaling dθ. In the end we obtain a family of symplectic forms ω ν which tame J ν such that ω 0 = ω. By Moser's argument they are all symplectomorphic by diffeomorphisms which are supported in U.
Holomorphic Curves
In this section we collect the parts of the theory necessary for the proof of our main result. This is a version of what is known or anticipated about punctured holomorphic curves in symplectic manifolds with concave and convex ends(see [5] Chapters 1.1.-1.6, [3, 4] ) reduced to what is actually needed in the argument. The geometric set-up, the compactness result and the index formula are specialized to the situation at hand.
3.1.
Punctured J-holomorphic spheres. Compact pseudoholomorphic curves in sympelctic manifolds with ends tend to degenerate toward the ends. As part of the limit appear so-called punctured pseudoholomorphic curves. We may restrict our considerations to spheres:
For each of the punctures z i there exists a closed Reeb orbit γ i with the following property: Let a neighborhood of the Reeb orbit be trivialized as S 1 × D ⊂ S 1 × C. With this choice γ i also denotes the corresponding parameterization of the underlying simple Reeb orbit by S 1 . We assume thatγ i = T k R α , where T is the action of the Reeb orbit, T = γ i α,and k its multiplicity. Then in local coordinates
See [8, 9] where the authors study conditions on J-holomorphic maps of punctured spheres into symplectizations which will have such an asymptotic behavior near the punctures. The functions a and g decay at least like e ds , for some d > 0 with all their derivatives as s → −∞. The function r and all its derivatives decays as
In short, punctured J-holomorphic curves are asymptotic to cylinders over closed Reeb orbits near their punctures.
The asymptotic behavior allows to compactify u to a smooth mapû from the surface Σ with boundary (a component for each puncture) to CP 2 \ L, the corresponding manifold with boundary T * 1 L. On the other hand since T * 1 L −→ L we may also compactify it to a smooth map u from Σ to CP 2 with boundary on L.
As a consequence if they lie in CP 2 \ H the integral over the oriented boundaryof a primitive of ω on CP 2 \ H has to be positive. Hence it is negative over the corresponding oriented geodesic.
3.2.
The index of holomorphic curves. J-holomorphic curves described in the last section typically arise in families. Let us study deformations of such without fixing the Reeb orbits to which it is asymptotic to at its punctures. Hence they may vary inside a family of Reeb orbits. Tangencies to such deformations are elements in the kernel of the linearization of the defining equation ∂ J u = 0, ∂ u . Then the deformation index of a punctured J-holomorphic sphere u is given by the index of this Fredholm operator:
Notice that both, Conley-Zehnder index CZ as well as Chern number c 1 (T CP 2 ) are defined with respect to a trivialization of T CP 2 or the contact plane field ξ, respecively, along the closed Reeb orbits γ i . The half-integer contributions enter the formulae since we consider a degenerate situation: we allow families of geodesics (and closed Reeb orbits correspondingly) of dimension dim(γ) = 0 as well as 1 which are non-degenerate in the sense of Morse and Bott.
In our case there is a natural choice of a trivialization of T (T * L) coming from the global trivialization of T (CP 2 \ H). With respect to this we compute that
Notice that all geodesics on the flat surface are minimizing. Thus their Morse indices m(γ) vanish altogether. Hence the index of a holomorphic sphere in CP 2 \ H ∪ L is given by
while the index of one, which has intersection index 1 with H, is
Notice that in both cases the half-integer contributions cancel each other.
3.3. Limits of smooth holomorphic spheres. Although we will consider two different kind of sequences of (smooth) pseudoholomorphic spheres there is a unified way to describe their limiting behavior. Proposition 6. Let {u n } be a sequence of either smooth J-holomorphic spheres
whose fundamental class coincides with that of H, [u n ] = [H] ∈ H 2 (CP 2 ). Assume that there is no sequence of Möbius transforms {τ n } such that {u n • τ n } converges to a smooth J-holomorphic sphere in CP 2 \ L. Then there exists a set of punctured J-holomorphic spheres {u i ∞ } k i=0 with the following properties: 1. For a subsequence, which we will denote by {u n } by abuse of notation, there is a set of sequences of Möbius transforms {τ k n } such that u n •τ k n converges to u k ∞ on compact subsets in the complement of its punctures. 2. If j = k, then τ j n • (τ k n ) −1 converges to a constant map into one of the punctures of u j ∞ on compact sets in the complement of the punctures of u k ∞ . 3. The symplectic area is preserved under this convergence:
4. u 0 ∞ · H = 1 while all other components lie completely in the complement CP 2 \ H ∪ L.
Remark 7. The second condition prevents redundancy: we may not count components of the limit in several ways. The last condition is clear since the parts of the limit we neglect carry no area: the integral u −1 n (T * 1 L×(−∞,−N ]) u * n ω converges to 0 as N → ∞ for any sequence n = n N . It makes sure that we do not miss any component of the limit in CP 2 \ L. Notice that due to [14, 15] intersecting J-holomorphic curves either agree or intersect with a positive finite intersection index. Since H ⊂ CP 2 \ L is a J-holomorphic curves without punctures the last condition is evident. This is an extract of a much more general statement of convergence to broken holomorphic spheres (see [4, 5] ). Not only do we restrict ourselves to sequences of smooth pseudoholomorphic spheres in the hyperplane class [H] (which prevents bubbling off of smooth pseudoholomorphic spheres in the classical sense), but we also neglect the parts of the limit which are punctured K-holomorphic spheres in T * L, as well as punctured j-holomorphic spheres in T * 1 × R. However, we do want to recall how the punctured holomorphic spheres {u i ∞ } hung together before they broke apart. This can be seen by studying the sequence {u n } for large n. In particular, we may understand the convergence u n → u ∞ in the following way: For each N > 0 sufficiently big and n > n(N), u −1 n (T * 1 L × (−∞, −N]) ⊂ CP 1 is a finite set of spheres with finitely many disks removed, and the topology of these remains stable as n → ∞. This is due to the maximum principle: would correspond to exactly one puncture of one of the components of the limit u ∞ . Hence the boundaries of these disks would map under u n to a curve in T * 1 × {−N} which is close to the corresponding closed Reeb orbit, provided N and n are sufficiently large. On the other hand the image of the disk itself would be a null-homotopy in T * 1 L contradicting that there are no contractible closed Reeb orbits (or geodesics) for L.
Index inequalties.
In the situation we are studying we have some more topological constraints for the possible limits u ∞ of a sequence of J n -holomorphic spheres in the class [H].
Each of the boundaries of the components in u − ∞ will correspond to a puncture of the limiting curve u ∞ and will be close to the corresponding closed Reeb orbit. Hence the sum of homology classes of the corresponding oriented geodesics vanishes, and thus the sum of their Maslov indices. Hence the sum of all Maslov indices of the Reeb orbits/geodesics corresponding to the punctures of u ∞ vanishes. That amounts to the following equations
Note that all integers in the sums are non-negative, Hence we obtain
(2) Let e be an edge in the tree T corresponding to the limit u ∞ , γ the closed Reeb orbit corresponding to it. Then T \ e falls into two parts. Call the part not containing the adjacent component in u − ∞ , T e . Then
otherwise. In any event, if µ(γ) is even then
since it is odd and all integers in the sums are non-negative.
Proof of Theorem 3
In the course of the proof we will construct (degenerated) limits of pseudoholomorphic curves in two ways: 4.1 and 4.2. It becomes not clear why we do not construct the disks D and E also using the degeneration of almost complex structures until the proof of Lemma 12, which will be used to prove Lemma 13. This however is the crucial observation which only makes the original idea to construct the pairs of J-holomorphic disk and sphere (D, F ) and (E, G) work if L = K 2 is the Klein bottle: otherwise we would not know wether we obtain smooth spheres in the limiting process of 4.2.
4.1.
Degeneration of holomorphic spheres -Construction of the disks. Let us fix a point p ∈ H. The set of smooth J-holomorphic deformations of H going through p in CP 2 \ L is not a compact set since otherwise they would fibre the complement of this point in CP 2 \ L (see [7, 14] ). This is ridiculed by the non-compactness of the latter. Hence we can find a sequence {u n } of such deformations which will not converge to a smooth J-holomorphic sphere in CP 2 \ L. By Proposition 6 a subsequence will converge to a set of punctured holomorphic spheres in CP 2 \ L. Now since u − ∞ does not contain a disk, u ∞ has to have at least two components. By intersection argument exactly one component, u 0 ∞ say, intersects H once -at p with index +1 -while there is at least one one-punctured holomorphic sphere, say u 1 ∞ , whose image lies in the complement CP 2 \ H. We will show in the next section 4.2 that all u i ∞ are in fact simple holomorphic curves without singularities. Hence it make sense to call its closure u 1 ∞ in CP 2 a smooth disk, which will serve as D in the first pair to construct, (D, F ).
4.2.
Degeneration of almost complex structures. Let x ∈ CP 2 \ L be a point and let J n → J be a sequence from the family which degenerates to J on compact subsets of CP 2 \ L. For n large enough J n (x) = J(x). Hence a J-complex line ξ in T x CP 2 will also be J n -complex. Again due to Gromov [7] there exists a unique smooth, embedded Proof. If {u n } was a sequence of smooth J-holomorphic spheres in CP 2 \ L we could, by renumbering, assume that it is in fact a sequence of J n -holomorphic spheres, since J n (x) = J(x) for each x ∈ CP 2 \ L and n > n(x).
Pick any point x in a component u i ∞ and a J-complex line ξ ⊂ T x CP 2 which is not tangent to it. This is possible since even for non-integrable J the set of tangents at a point in a J-holomorphic curve is finite. Then construct v ∞ (x, ξ) as above. If u i ∞ was not simple or its point x is a singularity, then the (local) index of intersection with v ∞ (x, ξ) would be greater than 1. For a small neighborhood of x, the intersection index of u n and v n in that open set would be the same, and hence also greater than 1. Notice that u n and v n cannot agree (at least for n large) due to the choice of ξ. Hence the total intersction index is greater than 1 contradicting that both, u n and v n , represent [H].
One advantage of the simpleness of the curves is that we may achieve transversality. From that point on we will assume that J is chosen in such a way that all simple punctured J-holomorphic curves are regular: the linearization of their defining equation ∂ J u = 0 is a surjective Fredholm operator between sections of bundles over the punctured sphere. This is possible without further discussion for a generic choice of J still satisfying the conditions of Paragraph 2.1. The main point to notice (besides the simpleness) is that by maximum principle such punctured holomorphic curves cannot be contained inside the neighborhood U of L, since U is foliated by strongly pseudo-convex hypersurfaces.
Hence the index of that operator, usually referred to as the index of the curve, coincides with the dimension of deformations. In particular they are non-negative and hence index(u i ∞ ) ≤ 4 for each component of a limit of a sequence J n -holomorphic curves {u n } due to Lemma 9.
4.3.
More topological constraints. It turns out that the topology and combinatorics of limits u ∞ of sequences {u n } of J n -holomorphic spheres is a priori rather small. First of all, since all components of u − ∞ have non-positive Euler characteristic, the only type, which could appear without an a priori bound on the number of components in u − ∞ of this type, is the annulus. Furthermore, the number of holes in a component is at most 6. Moreover, we have the following Lemma 11. 1. Assume u − ∞ contains a component other than annuli for arbitrary N as n → ∞. Then the index of any component of the limit u ∞ satisfies
2. If on the other hand index(u i ∞ ) ≥ 2, for one component of u ∞ , then the only components, other than annuli, u − ∞ could have, are
• Spheres with three holes. Two of the holes correspond to punctures at which u ∞ is asymptotic to odd geodesics. • One sphere with four holes. All of them correspond to punctures at which u ∞ is asymptotic to odd geodesics.
Proof. The first statement is an immediate consequence of the index equality (10) and the fact that for generic J all components of the limiting curve have non-negative index. For the second statement let us first assume we had a component c j with three holes, corresponding to edges e, f, g of T , in it. Notice that there are two cases: exactly two of the holes correspond to odd Reeb orbits, or all of them are even, since the sum of the homology classes of the corresponding geodesics vanishes. Assume now that they are all even. Consider the three corresponding rests T e , T f , T g of the tree T . They are all disjoint, and due to Lemma 9 the parts of indexu i ∞ + −χ(c j ) are at least 1 and odd. Assume one of them would be 2 or greater (and hence 3 or greater). Then the sum of all indices and Euler characteristics would be at least 3 + 1 + 1 − χ(c j ) = 6 contradicting (10). Exactly the same argument proves the second case of a sphere with 4 holes. Now let us choose p ∈ H, the point through which all deformations of H, u n , should pass, generically in such a way, that there is no punctured J-holomorphic curve in CP 2 \L which passes through p and has index less than 2. Then the limit u ∞ will satisfy the topological constraints described in Lemma 11.
4.4.
The construcution of the spheres. We now attempt the first time to construct the smooth J-holomorphic sphere F ⊂ CP 2 \ H in the hyperplane class [H] which intersects D exactly once with intersection index 1. We pick a point x ∈ D and a complex line ξ = T x D and construct the limit of corresponding J n -holomoprhic spheres in the class [H] , v ∞ (x, ξ) as before. We would like to conclude that this is a smooth J-holomorphic sphere in CP 2 \ L.
Assume the contrary and denote by v x ∞ the component in v ∞ which contains x. There is exactly one such component: by construction it exists and by intersection argument as above it has to be unique.
Proof. Remember that u ∞ is the limit of {u n }, which are deformations of H. Now since v x ∞ intersects D and hence u ∞ with index 1 transversally at x, it will also intersect u n with index 1 in a small enough neighborhood of x if n is large enough. Hence it intersects u n globally with index at least 1, by positivity of intersection. But since this is a deformation of H in CP 2 \ L, u x ∞ also intersects H positively. Since there is exactly one component of v ∞ with that property that proves the assertion. Notice that this argument would not hold if we tried to achieve that result for a component in CP 2 \ H of the limit of arbitrary J n -holomorphic curves! Now if we could achieve, that the index index(v 0 ∞ ) ≤ 3 for any such limit of J nholomorphic curves we would be done: choose parameters (x, ξ) ∈ (P(T CP 2 | D , J)), a real 4-dimensional set, generically: Avoid any smooth punctured J-holomorphic curve v in CP 2 \ L which intersects H, H · v = 1, and with index(v) ≤ 3. Then the limit v ∞ (x, ξ) has to be a smooth J-holomorphic sphere. Unfortunately, as we will see in the following paragraph, there is a theoretical possible pathological case were the component v 0 ∞ would have index 4. Notice that this will imply that some of the Reeb orbits corresponding to the punctures of v ∞ are odd. Hence if L is a 2-torus this may not happen and no further discussion is necessary. In the case that L = K 2 is the Klein bottle this will be ruled out by an additional topological argument.
4.5.
A strong index inequality. We will prove the following Case 1: u − ∞ contains annuli only. Pick a one-punctured holomorphic sphere u 1 ∞ corresponding to a branch tip of the graph of u ∞ . Pick x ∈ u 1 ∞ and ξ ⊂ T x (CP 2 ) \ T x (u 1 ∞ ) as before, and construct v ∞ = v ∞ (x, ξ). Assume that the inequality is violated. Then v − ∞ also contains only annuli by Lemma 11. The two boundaries of an annulus correspond to punctures which are asymptotic to Reeb orbits which correspond to isotopic geodesics with different orientations since their homology classes cancel each other.
Assume that u ∞ and v ∞ have punctures whose correspondent geodesics are not parallel. Pick the correspondent two annuli in u − ∞ and v − ∞ , respectively. For N sufficiently large and n → ∞ the boundaries of the annuli in u −1 n (T * 1 L × (−∞, −N]) and v −1 n (T * 1 L × (−∞, −N]) will map to the corresponding Reeb orbits under u n and v n , respectively. On the other hand, since the corresponding geodesics are non-parallel the images of the annuli will be disjoint near their boundaries. Hence, their intersection index will be the same as that for the standard annuli over the geodesics. This is equal to the total number of intersections of the corresponding geodesics in L which is non-zero if they were non-parallel. It has to be non-negative since u n and v n are J n -holomorphic curves. Hence the (local) intersection index in a small neighborhood V of L would be positive, while they both transversally intersect close to x ∈ V , contradicting u n · v n = 1. Hence the geodesics to which the punctures of both curves correspond to are all parallel.
The integral of the primitive of ω over the geodesic corresponding to a one-punctured sphere in CP 2 \ H is negative, since the integral over the boundary of the corresponding disk is positive.
On the other hand, each of the integrals over a geodesic corresponding to a puncture of the component intersecting H, u 0 ∞ , v 0 ∞ , is positive: It is homologous to the negative sum of the homology classes of the geodesics corresponding to the tip of the branches of the part of the tree T specified by a puncture.
Hence the Reeb orbits corresponding to one-punctured spheres in CP 2 \H on one hand, and the Reeb orbits corresponding to the punctures of the components u 0 ∞ and v 0 ∞ which intersect H on the other hand are fibers of different leaves of the foliation on T * 1 L, given by the slope of the geodesic. 
The second does not intersect H and is hence null-homologous. C 0 ∩ C 1 = ∅ since they are subsets of different leaves in T * 1 L. On the other hand since u ∞ and v ∞ were both limits of embedded, smooth J n -holomorphic spheres of class [H] which intersect at x with index 1, we compute that the intersection index of the two 2-cycles would be −k 1 l 0 = 0 which is a contradiction to the null-homology of the second 2-cycle and hence prove that in Case 1 the inequality (12 is never violated.
Case 2: Assume that u − ∞ contains a sphere c j with 3 holes. Due to Lemma 11 the indices of all components will staisfy index(u i ∞ ) ≤ 1 unless exactly two of them are odd. Exactly one hole will correspond to an edge whose remaining tree will contain the node corresponding to u 0 ∞ . Hence there are two subcases: Case 2.1: Assume the Reeb orbit of the boundary component whose corresponding remaining tree contains the root u 0 ∞ is even. Then both of the remaining two holes have to be odd due to Lemma 9. Since the index of u 0 ∞ is at least 2 and the contribution in (10) −χ(u − ∞ ) ≥ 1, the corresponding sums of indices and negative Euler characteristics for these two holes would be 0 since they are even. Hence the corresponding branch tips are (at least two different) 1-punctured spheres of index 0. Their corresponding geodesics are odd with negative integral of the primitive of ω over it. Let us denote them by u 1 ∞ and u 2 ∞ . Assume we have pairs (x 1 , ξ 1 ) and (x 2 , ξ 2 ) for u 1 ∞ and u 2 ∞ , respectively, both violating (12 
Since v n (x 1 , ξ 1 ) · v n (x 2 , ξ 2 ) = 1 the contrary would violate this and positivity of intersection indices of J n -holomorphic curves. Hence assume without loss of generality that v 0 ∞ (x 2 .ξ 2 ) and v 1 ∞ (x 1 , ξ 1 ) do not intersect. As before we may construct 2-cycles out of (positive multiples of) v 0 ∞ (x 1 , ξ 1 ) and −v 0 ∞ (x 2 , ξ 2 ) on one hand and v 1 ∞ (x 1 , ξ 1 ) and −u 1 ∞ gluing them along 2-chains in the two leaves of the foliation of T * 1 L as before with a similar contradiction. Case 2.2: Assume the Reeb orbit of the boundary component whose corresponding remaining tree contains the root u 0 ∞ is odd. Then one of the other two holes would correspond to an even geodesic, and the contribution to the index equality (10) would be at least one, while c j contributes 1. Since index(u 0 ∞ ) ≥ 2 that would mean that the sum of all indices and negative Euler characteristics corresponding to the part of the tree containing the root u 0 ∞ is exactly 2. Hence all punctures of u 0 ∞ must correspond to odd geodesics. On the other hand, the contribution to (10) of the part of the tree assigned to the other odd hole has to be 0, and hence there is a 1-punctured-sphere component of u ∞ in CP 2 \ H of index 0 as before. This is exactly the situation we studied in Case 1.
Case 3: Assume that u − ∞ contains a sphere c j with 4 holes. By Lemma 11 all corresponding punctures are asymptotic to odd Reeb orbits. Hence the argument is exactly as in Case 1 and Case 2.2. This completes the proof of the lemma. 4.6. Da capo. Hence we found our first pair (D, F ) of a disk (closure in CP 2 of the punctured J-holomorphic sphere in CP 2 \ L) and a smooth J-holomorphic sphere in CP 2 which will intersect D in one point with index 1. Notice that the latter will also be J n -holomorphic for n-sufficiently large and is a member of a real 4-dimensional family of such J n -holomorphic spheres. Choosing a generic member of that family nearby, we will still have such a pair but can make sure that the intersection of F with H, q, is generic in the same sense as p. Now let us start all over with this new point q. Consider the family of deformations of H through q, pick a non-convergent sequence ...
We end up with a new pair (E, G) as before. Since E ⊂ CP 2 \H, as well as E ⊂ CP 2 \F we find that E · F = 0 as required. This finishes the proof of Theorem 3.
Remark 14.
(1) Notice that the method described in the paper can also be used to prove that each Lagrangian 2-torus L ⊂ CP 2 is smoothly isotopic to the Clifford torus S 1 × S 1 ⊂ CP 2 \ H. Pick a point and a complex line (x, ξ) ∈ (T (CP 2 \ L), J) as before and construct v ∞ (x, ξ). Since x may lie on a component of this limit, the count shows again, that we have the choice of real 4 parameters. But since (in the torus case) all components of v ∞ (x, ξ) have index not bigger than 3, a generic choice will yield a smooth J-holomorphic sphere in CP 2 \ L, hence showing that symplectomorphically L ⊂ CP 2 \ H. Therefore we may apply Theorem 1.
(2) Unfortunately, this reasoning does not simply apply to the question whether there is a Lagrangian Klein bottle in CP 2 . It therefore remains open if we could use the method of this exposition to obtain Nemirovski's stronger result for the non-existence of Lagrangian embeddings of the Klein bottle as well.
